INTERPOLATION OF COMPACT LIPSCHITZ OPERATORS 



MICHAEL CWIKEL, ALON IVTSAN AND EITAN TADMOR 



Abstract. Let (Ao, Ai) and (Bo, Si) be Banach couples such that Ao C A\ 
and (Bq,Bi) satisfies Arne Persson's approximation condition (H). Let T : 
A\ — > B\ be a possibly nonlinear Lipschitz mapping which also maps Ao into 
-Bo and satisfies the quantitative compactnesss condition Ta £ H&H^g K for 
each a G Ao, where K is a fixed compact subset of Bq . We show that T maps 
(Ao, Ai) g compactly into (Bo,Bi) e for each 9 £ (0, 1) and p£ [1, oo]. 

This paper can be considered as a sequel to [6J. Since the introduction to [6] 
provides exactly the background and references which are relevant here, we shall 
mostly avoid repetition and request the reader to be familiar with the first three 
pages of that paper. However it will be convenient here to restate the following 
result which appeared as Theorem 2 on p. 2 of [6]. 

Theorem 1. Let(Ao,A\) and(Bo,B\) be Banach couples. Suppose that Ao C A\. 
Let T be a (possibly nonlinear) map of A\ into B\ which satisfies the following two 
properties: 

(1) T(A ) C B and \\T(a)\\ Bo < C Q \\a\\ Ao for each a G A , 
and 

(2) \\Ta-Ta'\\ Bi < d \\a-a'\\ Ai for all a. a' G A 1 . 

where Co and C\ are positive constants. 

Then T maps the space (Ao, A\) g boundedly into (Bo, B\) g for each 9 G (0, 1) 
and p G [l,oo], and satisfies the estimate 

(3) II^Hcuo,*),., ^ C o~ B Ct \H(A ,A l)eip for all a e (Ao, A^ . 

Two paragraphs after stating this theorem we posed a question regarding in- 
terpolation of compactness properties of T and later showed that the answer to it 
is negative. But now, in the present paper, we will obtain an affirmative answer 
to a variant of that question. Following in the footsteps of Arne Persson [11], we 
will only consider Banach couples (B ,Bi) which satisfy a certain approximation 
condition which will be recalled below. Then, if instead of merely requiring T to 
map Ao into Bo compactly (i.e., to map bounded subsets of Ao to relatively com- 
pact subsets of Bo), we require this map to be compact in a more quantitative 
or "uniform" sense, also to be specified below, this suffices to ensure that T maps 
(Aq,A\)q compactly into (Bq, Bi) g p for each 9 € (0,1) and each p G [1, oo]. 
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Theorem Q] is well known and is a simple special case of various more elaborate 
results due to Jacques-Louis Lions [8], Jaak Peetre pH] and Luc Tartar [12]. For 
the reader's convenience we recall its very simple and short proof. Given a 6 A\ — 
Aq + A\ and t > and e > 0, we choose a decomposition a = ciq + ai such that 

Then Ta = Ta — Ta + Tao and 

if (t, Ta; Bo, B\) < \\Ta\\ Bo + 1 \\Ta - Ta \\ Bi 
< Co l|a |U +tCi \\a-a Q \\ Ai 

= C [ ||a |U n + TT- H fl i 



< 0)(l + e)A-( ^.ojAo.Ai 



C 
i 

Co" 



and this immediately implies that 



(4) K^Ta^B^Bx) <C K[ — ±,a;Aa,Ai 



Co 

Exactly as in the "classical" case of linear operators, the estimate ([3]) and the 
inclusion T ((Ao, A±) e C (Bq, B\) e p are obvious and trivial consequences of |(4]), 
especially after we observe that (@|) is equivalent to 

t- e K(Jt,Ta;B 0) Bi)<Cii- e C!f (j^j K (jr,a; A), M 
□ 

In the work of Persson, and also in many subsequent papers, for example, |4J and 
[2], it was shown that compactness results for the special case where the "range" 
couple (Bq,B\) satisfies Bo = B\ can be the first step towards obtaining corre- 
sponding compactness results for more general couples (Bo,Bi). The prototype 
of these results for the case Bo = Si is a classical result of Jacques-Louis Lions 
and Jaak Peetre, often referred to as the "Lions-Peetre Lemma". It appears as 
Theoreme 2.2 on p. 37 of |9j. It is remarked in [9] that similar ideas about com- 
pactness appear in the work [7] of Emilio Gagliardo. Here too, a variant of the 
Lions-Peetre Lemma will be an important ingredient for us. We present it as the 
following lemma. Its proof is quite similar to the one for linear operators in [9]. 
Another quite similar result, for the case where T : Ao — » Bo is also Lipschitz and 
where Aq is not necessarily contained in A\, is due to Fernando Cobos and appears 
as part (i) of Theorem 2.1 on p. 274 of his paper [2]. 

Lemma 2. Suppose that the Banach couples (Aq,Ai) and {Bo,B\) and the map 
T : A\ — > B\ satisfy all the hypotheses of Theorem^ Suppose, furthermore, that 
T maps every bounded subset of Aq to a relatively compact subset of Bq. Then, for 
each 9 G (0, 1), and each p G [1, oo], T maps every bounded subset of (Aq, A\) g to 
a relatively compact subset of Bo + B\. 

In particular, if Bo = B\, then T maps every bounded subset of [Ao, A\) g to a 
relatively compact subset of Bo. 
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Proof. Suppose that {a n } ne fi is an arbitrary bounded sequence in (Aq, A\) e 
Then it is also a bounded sequence in (Aq,Ai) s . So, for each m G Z, and some 
constant Cn we can write a n = u n {m) + v n {m) where 

\\u n (m)\\ Ao +2 m \\v n (m)\\ Ai <C 2 2 dm . 

Then 

\\Tu n (m)\\ Bo +2 m \\Ta n -Tu n (m)\\ Bi 
< max {Co, Ci} (|K(m)||^ + 2™ ||a„ - «„(m)|| Al ) < C 3 ■ 2 8m . 
Thus we have 

(5) \\Ta n -Tu n (m)\\ Bi < C 3 ■ 2- (1 - >\ 

We can suppose, by passing to subsequences and using Cantor diagonalization, 
that, for each fixed to G Z, the sequence {T« n (m)} neN converges in Bo norm, as n 
tends to oo, to some element in Bo depending on m. More relevantly for us, this 
means that 

(6) \\Tu n {m) - Tu k {m)\\ Ba < p(m,n,k), 

where lim„ ^.^^ p{m, n, k) = for each fixed to. (The rate of convergence here may 
depend on m.) 

For each n and k in N we have 

Ta n - Ta k = (Ta n - Tu n (m)) + (Tu n (m) - Tu k (m)) + (Tu k (m) - Ta k ). 

So 

\\Ta n -Ta k \\ Bo+Bi 

(7) < \\Ta n - Tu n (m)\\ Bi + \\Tu n (m) - Tu k (m)\\ Bo + \\Tu k {m) - Ta k \\ Bl 
< C 3 -2-( 1 - £ ') m + / 9(m,n,/fc) + C*3-2-( 1 - e ) m . 

Given any e > 0, there exists m = m (e) for which 2 • C 3 • 2-<- 1 -^ m < e/2. Then, 
for this choice of to, there exists N = N(e) such that p{m,n,k) < e/2 for all 
n, fc > N(e). Thus we deduce from ([7]) that ||Ta„ — Tafe|| Bo+Bi < e whenever 
n,k > N(e) and the proof is complete. □ 

Let us recall the condition "(H)" on Banach couples (Bq,Bi) which was intro- 
duced by Arne Persson in [ll] . The following formulation of it looks very slightly 
different but is obviously equivalent. 

(H) For each compact subset K of Bo, there exists a positive constant c(K) and 
a set T>(K) of linear operators P : B + B\ — > B fl B\ which satisfy 

II-P&IIb, < c{K)\\b\\ B] for each b € Bj and j = 0, 1. 

Furthermore, for each e > 0, there exists P e G P(if) such that 

\\P e b - 6||b < £ for each 6 G K . 

Remark 3. Many Banach couples which occur in applications satisfy condition (H). 
For example, essentially the same arguments as on pp. 217-219 of pT] show that 
the couple (L po , L Pl ) on an arbitrary underlying measure space satisfies condition 
(H) for all po G [1, oo) and pi G [1, oo], and that if the measure space is finite, then 
this also holds when po — oo. 

Here is our main result. Its proof is a natural extension of the proof of the 
theorem on p. 217 of |llj . 
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Theorem 4. Suppose that the Banach couples (Aq,A±) and (Bq,B\) and the map 
T : A\ — > B\ satisfy all the hypotheses of Theorem^ Suppose, furthermore, that 
the couple (Bq,B\) has Arne Persson's property (H) and that there exists some 
compact subset K of Bq for which 

(8) Ta G \\a\\ A K for each a G Aq . 

Then T maps every bounded subset of (Aq, Ai) e to a relatively compact subset of 
(Bq, Bi) e for each 9 G (0, 1) and each p S [1, oo] . 

Proof. The condition ([8]) ensures that every non zero element a S Aq satisfies 
m— it — Ta G K. So, for each e > 0, Persson's property provides us with a linear 

ll a ll Aq 

operator P e G T>(K) such that 



(9) P £ t— n— Ta - —-— Ta < e . 

We shall show that the map P e T — T satisfies all the conditions of Theorem Q] with 
Cq and C\ replaced by certain other constants: 

Since P e is linear, the condition (J9j) implies that || (P £ T — T) a\\ Bo < e||am o 
holds for each non zero a G Aq. This estimate also holds for a — 0, since TO = 
(by ® or ©). 

Each pair of elements a, a' G v4i satisfies 

|| (P e T-T) a' -(P e T-T)a\\ Bx < \\P £ (Ta' - Ta) \\ Bl + \\Ta' - Ta\\ Bl 

< {c(K) + l)\\Ta' -Ta\\ Bl 

< d (c(^) + 1) ||a' - a|U x . 

The preceding estimates enable us to apply Theorem Q] with Co and C\ replaced 
by e and C\(c(K) + 1) to obtain that 
(10) 

|| (P £ T - T) a\\ [B ^ Bl)ep < a 1 ' 9 [d (c(K) + l)f \\a\\ {AoAl)gp for all a G (Ac, Ax)^ 

Our next step is to apply Lemma[2]to the map P e T, but with the couple (Bq, B{) 

replaced by {(Bq, Bi) g p , (B , B\) g . As pointed out by Persson, the Closed 

Graph Theorem ensures that P e is a bounded map from Bj to Bq n B\ for j = 
0,1. Therefore P £ : Bj — > (Bq, B\) g is also bounded and we have P £ T (Aj) C 

(-B , -Bi)e jP - 

Each element a G Aq satisfies 



\P e Ta\\ {Bo<Bl)e v < ||P 6 || Bo ^ (floiBl) ||To|| Bo < Cq \\Pe\\ Ba ^ BoiBl)e „ lk||.4 



and each pair of elements a, a' G A\ satisfies 
\\P e Ta' - P e Ta\\ (BotBl)e v 

< \\Pe\\ Bl MBo,Bi) e , p W Ta ' ~ Ta WBi < Ci ll^lk^Bo.Bi).., H ' ~ "H* " 

Let M be a bounded subset of Aq. T maps M to a relatively compact subset 
of Bq, and thus P e T maps M to a relatively compact subset of (Bq,B\) q since 
P £ : -Bo — > (So, £?i) e p is continuous. 

In view of all these properties of P £ T, we can apply the last part of the statement 
of Lemma [2] to obtain that P £ T maps each bounded subset of (Ao,Ai) 9p to a 
relatively compact subset of (Bq, B\) e . 
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For the final step of the proof we let M be an arbitrary bounded subset of 
(Ao,Ai) g We have to show that T(M) is relatively compact in (Bq, B±) d In 
fact we will show that it is totally bounded in (Bo, Bi) g . 

Let e be an arbitrary positive number and choose eo > such that 

(Ci (C W + l)) ll^llc^o^O... < | for all a eM. 
In view of iflOl) . this ensures that 

(11) || (P eo T - T) a|| (Bo , Sl)9 p < | for all a e M. 

Since P ea T (M) is relatively compact and thus totally bounded in (B , Bi) e 

n 

the inclusion P Ea T (M) C Mi?(a:j,|) holds for some finite subset {xi}™ =1 of 

i=l 

(Bq, B\) 9 p . (Here of course B(x,r) denotes the open ball in (Bo,Bi) 9p of ra- 
dius r centred at x.) This, together with the inclusion T (M) C (T — P eo T) (M) + 

n 

P £o T (M) and (jXTJ) , gives us that T (M) C M-B and completes the proof. 

i=l 

□ 
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